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CHAPTER 22



RELIABILITY MODELLING OF STRUCTURAL SYSTEMS​[1]​

P. Thoft-Christensen, Aalborg University, Denmark



1. INTRODUCTION
In this paper it is shown how the reliability of a structural system can be evaluated. The most fundamental concepts in modern structural systems reliability theory are introduced and briefly discussed. A much more satisfactory presentation is given by Thoft-Christensen& Murotsu [l] where a large number of examples are used to illustrate the theory. The theory presented belongs to the so-called first order - second moment theories, where the joint probability distribution of the relevant random variables is simplified, and where the failure domain is idealized in such a way that the reliability calculations can be performed with a reasonable amount of work. By using the so-called -unzipping method it is shown how a measure of the reliability of a structural system can be obtained in a rational way. 


2. RELIABILITY THEORY OF STRUCTURAL ELEMENTS 
In this chapter the most important assumptions and definitions in the theory of structural elements are presented and discussed. 
Assumption 1: The uncertainties related to the reliability of a structural system can be modelled by a finite number of random variables  = (Xl,…,Xn) defined by the joint probability function , 
It has for many years been recognized that all quantities that enter into engineering calculations are associated with some uncertainty. It is necessary to distinguish between three types of uncertainty, namely physical uncertainty, statistical uncertainty, and model uncertainty. Physical quantities, such as loads, material properties and dimension always show some variability. This variability can be described in terms of probability distributions or, in the case of time-varying loads, in terms of stochastic processes. However, in reliability analysis it is the extreme value of the load in the reference period that is of interest. When two or more time-varying loads are acting on a structure together, then the distribution of the extreme combined load or load effect is of interest. Therefore the physical variability can be modelled by random variables. 
The physical variability is quantified by examining test date; but, since sample sizes are limited, some uncertainty - the statistical uncertainty - must remain. This statistical uncertainty can be taken into account by assuming the distribution parameters themselves to be random variables. 
In structural analysis and design output quantities, for example, load effects are related to input quantities by mathematical models. These models are generally deterministic (for example, elastic analysis) and are either based on a deep understanding of the mechanics of the problem or they can be highly empirical. These models will usually give a simplified description. Therefore, the predictions by using these models will contain some additional uncertainty. The model uncertainty associated with a mathematical model may be expressed in terms of a probability distribution of a random variable Xm , defined as the actual response divided by the predicted response using the model. 
Definition 1: The random variables = (Xl,…,Xn)  used in modelling the uncertainties of a structural system are called basic variables. The outcome of  is denoted = (xl,…,xn)  and  is a point in an n-dimensional basic variable space w. 
 Assumption 2: The random vector  is normally distributed. 
This assumption 2 is clearly a very severe assumption since, for example, loads usually cannot be satisfactorily modelled by a normally distributed random variable. For such non-normally distributed random variables it is therefore assumed that they are transformed into normally distributed random variables by, for example, the so-called Rosenblatt transformation method (see Thoft-Christensen & Murotsu [l]). 
Definition 2: Each failure mode for a structural element is called a failure element. 
As an example of structural elements consider a beam. A beam will usually have several potential failure modes, e.g. 
	Failure in bending at its left end 
	Failure in bending at its right end 
	Failure in bending at its midpoint 
	Failure in tension/compression due to axial forces 
	Too large deflection at the midpoint 
Such failure modes are called failure elements. In the example shown above the beam has 5 failure elements. In each failure element two different forms of failure can usually occur, namely in "tension" or in "compression". The notation "tension" is here used to indicate a tensile force or a positive bending moment, and the notation "compression" indicates a compressive force or a negative moment. To reduce the number of failure elements usually only the most important (highest probability of occurrence) form of failure is included. A failure element can also be, for example, a joint between a number of beams. In this way fatigue failure can be included. 
Assumption 3: The structural system is assumed to contain a finite number of failure elements, say m. 
Assumption 4: For each failure element i, i = 1,…, m there is a function fi  such that failure element i is in a state of failure if  and in a safe state if . 
The purpose of introducing the function fi  for failure element i is to be able to decide whether a failure element is in a state of failure or in a safe state. This division can be performed by several different functions. 
Definition 3: The function fi mentioned in assumption 4 is called a failure function of failure element i. The random variable Mi = fi () is called a safety margin of failure element i. 
Definition4: The subspace  is called the safe region and the subspace  is called the failure region of failure element i. The safe region and the failure region are divided by a failure surface. 
It is important to note that the same failure surface can be described by a number of equivalent failure functions. 
Definition 5: The probability of failure Pf,i of failure element i is 
                                        (1) 
and the reliability is Ri= 1 - Pf,i . 
In the special case where the safety margin Mi of failure element i is linear in the normally distributed basic variables = = (Xl,…,Xn) it  is easy to show that 
                                                 (2) 
where  is the standard normal distribution function, the mean value of M, and the standard deviation of M. 
In general, the basic variables = (Xl,…, Xn) are correlated. However, the set of basic variables can by linear transformation be transformed into a set of uncorrelated variables =(Yl,…,Yn) It turns out to be convenient to make a further linear transformation into a set of uncorrelated and normalized variables = (Zl,…,Zn) by the transformation 

where  is the mean value of Yi, and  the standard deviation of Yi. 
It is easy to show that when the safety margin Mi is linear in  and therefore also in  then / is equal to the shortest distance  from the origin to the failure surface in the z-coordinate system. Therefore in this case 
                                                      (3) 
Definition 6: The reliability index  of failure element i is equal to the shortest distance from the origin to the failure surface for failure element i in the z-coordinate system. The point on the failure surface closest to the origin is called the design point. 
 	As mentioned above, when the failure surface is linear (a hyperplane) the simple one-to-one relation (3) between Pf,i and  exists. For non-linear failure surfaces (3) are not valid so calculation of Pf,i on the basis of (3) will only give an approximate value of the correct Pf,i . The value obtained by using (3) corresponds to approximate the correct failure surface with its tangent plane in the design point. Calculation of the reliability index  can be performed by a number of simple iterative methods (see Thoft-Christensen & Baker [2]. 


3. STRUCTURAL SYSTEMS RELIABILITY THEORY 
In chapter 2 it is shown how the probability of failure Pf,i of a failure element can be estimated. The first step is to calculate the reliability index Pf,i  and then an approximate value Pf,i by equation (3). In this chapter a brief presentation of the most important assumptions and definitions in structural systems reliability theory will be given. A more detailed presentation is given by Thoft-Christensen & Murotsu [1]. 
Consider a statically determinate (non-redundant) structure. Total structural systems failure takes place as soon as any structural element fails. However, failure in a single structural element will for a statically indeterminate (redundant) structure not always result in failure of the total system. The reason for this is that the remaining structural elements may by redistribution of the load effects be able i to sustain the external loads. For such structures total failure will usually require that failure take place in more than one structural element. Formation of a failure mode for the structural system will therefore require simultaneous failure in a number of failure elements. 
This can be symbolized by a parallel system where the elements are failure elements. In this way the different potential failure modes are all modelled by parallel systems and then combined in a series system where the single elements are the parallel systems (failure modes). 
Definition 7: Let the calculation of the reliability of a structural system be based on an estimate of the probability of failure of a series system, where the elements are failure elements. This analysis is called systems reliability analysis at level 1. At level 2 the systems reliability is estimated on the basis of a series system, where the elements are parallel systems each with two failure elements - so-called critical pairs of failure elements. At level 3 the systems reliability is estimated on the basis of a series system, where the elements are parallel systems each with three failure elements - so-called critical triples of failure elements. 
Systems reliability analysis is illustrated in figure 1. Reliability estimate at level 4, 5, etc. can be defined in the same way but in general reliability analysis beyond level 3 is of minor interest. 
Definition 8: Let a failure mode of a structural system be defined as formation of an elasto-plastic mechanism. The reliability of the structural system is then estimated on the basis of a series system with the mechanisms as elements. This analysis is called system reliability analysis at mechanism level. 
The number of potential mechanisms for a real structural system will usually be very large. Each mechanism will consist of failure in a number of failure elements but this number of failure elements will vary from mechanism to mechanism. The mechanisms will therefore all be modelled by parallel systems but not all of them will have the same number of elements (failure elements). This is illustrated in figure 2 where r mechanisms are shown. 
	
Theorem 1. The probability of failure Pf,i of failure element i is approximately given by 
                                                      (4) 
where  is the reliability index of failure element i. 
Proof: 
Assume that there is a transformation  by which the basic variables  are transformed into independent standard normal variables  so that 
                                (5) 
where hi is defined by (5). An approximation of Pf,i can then be obtained by linearization of hi in the design point. 
                                                      (6) 
where  is the unit normal vector in the design point and  the reliability index. 
The approximation (6) can be written 
                     (7) 
where  is the standard normal distribution function. 



Theorem 2. The probability of failure  of a series system with n elements is approximately given by 
                                                   (8) 
where  is the n-dimensional standardized distribution function,  and  the correlation matrix. 
Proof: 

where the same transformation  as in the proof of theorem 1 is used and where .
Theorem 3. The probability of failure  of a parallel system with n elements is approximately given by  
                                                     (9) 
where  is the n-dimensional standardized normal distribution function, and  the correlation matrix. 
Proof: 

where the same transformation  as in the proof of theorem 1 is used and where . 
Unfortunately, calculation of values of  for n  3 can generally only be performed in an approximate way. Otherwise upper and lower bounds  must be used. 
To summarize: The estimate of the reliability of a structural system consists of the following steps: 
	Evaluate the probability of failure of each parallel system by equation (9). 
	Evaluate the correlation between the parallel systems two and two. 
	Evaluate the probability of failure of the series system by equation (8). 
Evaluation of the correlation between a pair of parallel systems can easily be performed if safety margins for the parallel systems are linear. However, in general this will clearly not be the case. It is therefore natural to investigate the possibility of introducing an equivalent linear safety margin for each parallel system. Several authors have suggested equivalent linear safety margin. It is beyond the scope of this paper to give a presentation of such approximation. A detailed presentation is given by Thoft-Christensen & Murotsu [l]. 


4. THE -UNZIPPING METHOD 
In chapter 3 it is shown how the reliability of a structural system can be estimated when the reliability analysis is made at level 1, 2, 3,... or at mechanism level. However, one problem remains, namely identification of the significant failure modes. Several different methods have been suggested in the literature. In this paper the main features of the so-called -unzipping method are presented. More details are given in Thoft-Christensen & Murotsu [l]. 
Definition 9: Let a structural system contain m failure elements and let the corresponding reliability indices be , i = 1,2,...,m. Further, let  

Then the critical failure elements are those with [;+], where  is a prescribed positive number. 
Calculation of , i = 1, ..., m usually requires a finite element analysis. Note that only static loading is included. A typical value of  is 2.00. 
Assumption 5: In the -unzipping method only the critical failure elements are included in the series system used in the reliability analysis at level 1. 
Clearly, by including only the critical failure elements in the series system a lower value of the probability of failure will be obtained. However, if  is not chosen too small the difference between the correct value and the obtained value will be negligible. 
Definition 10: Assume that failure takes place in failure element l and modify the structure by removing failure element l and adding a pair of loads corresponding to the remaining strength of the I failure element. These loads are called fictitious loads. For brittle failure elements no loads are added, but if the removed failure element is ductile the fictitious loads Fl are stochastic loads, given by Fl = , where Rl is the load-carrying capacity of failure element l and where 0 <  1. 
Definition 11: Let the smallest reliability indices of all remaining failure elements in a modified structure with failure in failure element l be . Critical pairs of failure elements are then obtained by combining l with the remaining failure elements with reliability indices in the interval [; + ], where  is a prescribed positive number. 
By assuming in turn failure in all critical failure elements and analyzing the modified structures a number of critical pairs of failure elements are identified. 
Assumption 6: In the -unzipping method only the pairs of critical failure elements are included in the series system used in the reliability analysis at level 2. 
For each critical pair of failure elements (parallel system with 2 failure elements) the probability of failure is calculated by (9) and an equivalent safety margin is determined. The probability of failure for the series system can then be calculated by (8). 
It is now straightforward to generalize the method to higher levels N > 2. At level 3 the estimate of the system reliability is based on so-called critical triples of failure elements, i.e. a set of three failure elements. The critical triples of failure elements are identified by the -unzipping method by assuming that failure takes place in turn in all critical pairs of failure elements and then modify the structure by adding two pairs of fictitious loads and reanalyze the modified structure. The failure elements with -values in the interval [,+] where  is a prescribed positive number, are then in turn combined with failure elements l and m to form a number of parallel systems. The system used in the reliability analysis at level 3 is identified in this way and the probability of failure at level 3 can be calculated by the equations derived in chapter 3. 
	Now turn to reliability analysis at mechanism level where the -unzipping method is applied in a somewhat different way. Consider an elasto-plastic structure and let the number of potential failure elements (e.g. yield hinges) be n. It is then known from the theory of plasticity that the number of fundamental mechanisms is m = n-r, where r is the degree of redundancy. All other mechanisms can then be formed by linear combinations of the fundamental mechanisms. However, only the most critical or most significant mechanisms need to be included to get a sufficiently accurate estimate of the probability of failure at mechanism level. Note that since some mechanisms are excluded the estimate of the probability of failure by the -unzipping method is a lower bound for the probability of failure. 
The first step is to identify all fundamental mechanisms and calculate the corresponding reliability indices. The next step is then to select a number of fundamental mechanisms as starting points for the unzipping. By the -unzipping method this is done on the basis of the reliability index  for the real fundamental mechanism that has the smallest reliability index and on the basis of a preselected constant  (e.g.  = 0.50). Only real fundamental mechanisms with -indices in the interval [,+] are used as starting mechanisms in the -unzipping method. Let  be an ordered set of reliability indices for f real fundamental mechanisms 1, 2,..., f, selected by this simple procedure. 
The f fundamental mechanisms selected as described above are now in turn combined linearly with all m (real and joint) mechanisms to form new mechanisms. First the fundamental mechanism 1 is combined with the fundamental mechanism 2, 3, ..., m and reliability indices  for the new mechanisms are calculated. The smallest reliability index is determined, and the new mechanisms with reliability indices within a distance  from the smallest reliability index are selected for further investigation. The same procedure is then used on the basis of the fundamental mechanisms 2,…, f and a failure tree is constructed. 
More mechanisms can be identified on the basis of the combined mechanisms in the second row of the failure tree in figure 6 by adding or subtracting fundamental mechanisms. By repeating this simple procedure the failure tree for the structure in question can be constructed. The maximum number of rows in the failure tree must be chosen and can typically be m + 2, where m is the number of fundamental mechanisms. A satisfactory estimate of the system reliability can usually be obtained by using the same -value for all rows in the failure tree. 
The final step in the application of the -unzipping method in evaluating the reliability of an elasto-plastic structure at mechanism level is to select the significant mechanisms from the mechanisms identified in the failure tree. This selection can, in accordance with the selection criteria used in making the failure tree, e.g. be made by first identifying the smallest -value, , of all mechanisms in the failure tree and then selecting a constant . The significant mechanisms are then by definition those with -values in the interval [;+]. The probability of failure of the structure is then estimated by modelling the structural system as a series system with the significant mechanisms as elements. 
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